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Abstract. We will formulate and prove a certain reciprocity law relating certain 
residues of the differential symbol dlog^ from the K2 of a Mumford curve to the rigid 
analytic regulator constructed by the author in a previous paper. We will use this 
result to deduce some consequences on the kernel and image of the rigid analytic 
regulator analogous to some old conjectures of Beilinson and Bloch on the complex 
analytic regulator. We also relate our construction to the symbol defined by Contou- 
Carrere and to Kato's residue homomorphism, and we show that Weil's reciprocity 
law directly implies the reciprocity law of Anderson and Romo. 



1. Introduction and announcement of results 

Motivation 1.1. In the paper [17] the author introduced the concept of the rigid 
analytic regulator. This is a homomorphism from the motivic cohomology group 
Z(2)) of a Mumford curve X over a local field F into the F*-valued har- 
monic cochains of the graph of components of the special fiber. It is defined through 
non-archimedean integration, hence it is elementary in nature and it is amenable 
to computation. In particular the author was able to compute its value on some 
explicit elements of the K2 of Drinfeld modular curves constructed using modular 
units and relate it to special values of L-functions in the paper [18]. It is quite rea- 
sonable to consider this result as a function field analogue of Beilinson's classical 
theorem on the K2 of elliptic modular curves as well as the rigid analytic regula- 
tor is a non-archimedean analogue of the complex analytic Beilinson-Bloch-Deligne 
regulator. 

An old conjecture of Bloch and Beilinson predicts that the complex analytic 
regulator is injective on the motivic cohomology group Q(2)) of a regular 

integral model X of a smooth, projective curve X defined over a number field and 
the image of H'j^{X, Z(2)) is a Z-lattice of a conjecturally described rank. Hence it 
is desirable to understand the basic properties of the rigid analytic regulator such 
as its image and kernel, partially because any analogous result would be evidence 
towards the conjecture mentioned above. We offer the following result: let X be 
a Mumford curve which is the general fiber of a regular quasi-projective surface X 
fibred over a smooth affine curve defined over a finite field. We show that the kernel 
of the rigid analytic regulator in H'^(X, K2.x) is a p-divisible group and the image 
of H^{X, K2.x) is a finitely generated Z-module whose closure in the p-completion 
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of the target group is a Zp-modulc of the same rank which is at most as large as 
conjectured by Beilinson. In particular the kernel of this map is torsion if Parshin's 
conjecture holds. As a key ingredient of the proof we compute certain residues of the 
logarithmic differentials of elements of 7?^(3£, Z(2)) in terms of the rigid analytic 
regulator, generalising a formula of Osipov, proved for fields of zero characteristic 
in [16], to any characteristic. (A closely related result has been obtained by M. 
Asakura in a recent preprint [1] for certain two dimensional local fields of zero 
characteristic using similar methods.) Of course the case of positive characteristic 
is the most intricate, due to the lack of logarithm. This formula can be considered 
as a relative of the explicit reciprocity law of Kato and Besser's theorem expressing 
the Coleman-de Shalit regulator in terms of the syntomic regulator (see [19] and 
[4]), although it is simpler to prove. Then our main theorems follow from the 
Bloch-Gabber-Kato theorem, Deligne's purity theorem and the degeneration of the 
slope spectral sequence. As an important intermediate step we also relate the rigid 
analytic regulator to Kato's residue homomorphism for higher local fields and the 
Contou-Carrcrc symbol. The symbols mentioned above are essentially just different 
formalizations of the same phenomenon which was discovered independently at 
least three times. As an easy application of our results we show that the latter 
is bilinear and satisfies the Steinberg relation. At the same stroke we show that 
Weil's reciprocity law directly implies the reciprocity law of Anderson and Romo. 

Notation 1.2. By slightly extending the usual terminology we will call a scheme 
C defined over a field a curve if it is reduced, locally of finite type and of dimension 
one. A curve C is said to have normal crossings if every singular point of C is an 
ordinary double point in the usual sense. We say that a curve C over a field f is 
totally degenerate if it has normal crossings, every ordinary double point is defined 
over f and its irreducible components are projective lines over f . For any curve 
C with normal crossings let C denote its normalization, and let S{C) denote the 
pre-image of the set S{C) of singular points of C. We denote by r(C) the oriented 
graph whose set of vertices is the set of irreducible components of (7, and its set 
of edges is the set S{C) such that the initial vertex of any edge x e S{C) is the 
irreducible component of C which contains x and the terminal vertex of x is the 
irreducible component which contains the other element of S{C) which maps to the 
same singular point with respect to the normalization map as x. The normalization 
map identifies the irreducible components of C and C which we will use without 
further notice. 

Definition 1.3. For any (oriented) graph G let V(G) and £{G) denote its set of 
vertices and edges, respectively. Let G be a locally finite oriented graph which is 
equipped with an involution " : £{G) £{G) such that for each edge e € £{G) the 
original and terminal vertices of the edge e S S{G) are the terminal and original 
vertices of e, respectively. The edge e is called the edge e with reversed orientation. 
Let i? be a commutative group. A function </> : £{G) R is called a harmonic 
_R-valued cochain, if it satisfies the following conditions: 
(i) We have: 

(/.(e) + (/.(e) = (VeG£:(G)). 
(m) If for an edge e we introduce the notation o(e) and t{e) for its original and 
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terminal vertex respectively, 

J2 0(e) = (V^ e V(G)). 

e££(G) 

Wc denote by Tl{G, R) the group of _R-valued harmonic cochains on G. 

Notation 1.4. Let k be a perfect field and let 5 be a smooth irreducible projective 
curve over k. Let oo be a closed point of B and let F denote the completion of the 

function field of B at oo. Let O denote the valuation ring of F and let tt : X ^ B 
be a regular irreducible projective surface fibred over B such that the fiber Xoo of X 
over 00 is totally degenerate. Then the base change X of 3£ to F is a Mumford curve 
over F which has a regular, semistable model over the spectrum of O whose special 
fiber is Xqo- The rigid analytic regulator introduced in [17] is a homomorphism: 

{.} : Hl^{X,Z{2)) ^n{T{X^),F*). 

Let il C X be an open subvariety such that its complement is a normal crossings 

divisor D which is the preimage of a finite set of closed points of B containing oo. 
Let the symbol {•} also denote the composition of the functorial map H°{ii, K2,u) 
HJ^{X,Z{2)) and the rigid analytic regulator. 

The main result of this paper is the following: 

Theorem 1.5. Assume that k has characteristic p. Then the map: 

{•} : if°(il,X2,ii)/p"i?"(il,if2,u) ^ niT{X^),F*/{F*)P") 

induced by the regulator {•} is injective for every natural number n. 

Notation 1.6. We call a Z-submodule A of a Hausdorff topological group G which 
is the direct sum of a discrete group and a pro-p group p-saturated, if it is finitely 
generated and the map A $5 Zp ^ G is an injection, where G is the p-completion of 
G. Note that every discrete, finitely generated Z-submodule is p-saturated. Assume 
now that k is a finite field of characteristic p. The result above, Deligne's purity 
theorem and the degeneration of the slope spectral sequence imply the following: 

Corollary 1.7. The image of the regulator {■} : H°(n,K2,u) W(r(Xoo),F*) is 
p-saturated and its rank is at most as large as the rank of the group W(r(Z)),Z). 
This lattice is discrete if D = Xoq. The kernel of this regulator is a p-divisible 
group. In particular it is torsion if Parshin's conjecture holds for X, and it is finite 

if the Bass conjecture holds for X. 

Further Results 1.8. Let A be a local Artinian ring with residue field k which 
is again allowed to be an arbitrary perfect field. In [7] a map: 

(■,-}:A{{t)rxAmr^A* 

was defined, called the Contou-Carrere symbol in [2], where t is a variable. The 
Contou-Carrere symbol is equal to the tame symbol if A is a field. In [2] G. Ander- 
son and F. P. Romo proved that the Contou-Carrere symbol is bilinear and proved 
a reciprocity law for it. Their proof is the generalization of the proof of the residue 
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theorem by Tate and the Weil reciprocity law by Arabello, De Concini and Kac. 
They work directly over Artinian rings, so they have to develop an elaborate theory 
generalizing all concepts appearing in the proofs quoted above for Artinian rings. 
In this article we will present a different proof of the bilinearity of this symbol and 
their reciprocity law. It is based on the observation that if A is the quotient of a 
discrete valuation ring, then the Contou-Carrere symbol (/, 5) of any / and g in 
A{{t))* is just the reduction of Kato's residue (see [12] and [13]) of some lifts of 
/ and g. The existence and the basic properties of the latter follows at once from 
the properties of the rigid analytic regulator. Hence the aforementioned results 
follow immediately from some well-known facts such as the deformation theory of 
smooth projective curves is unobstructed and Weil's reciprocity law. One may even 
give a new proof of the Weil reciprocity law using the observed continuity of the 
tame symbol by degenerating the curve to a stable curve with rational components 
in its special fiber. Since the Anderson-Romo reciprocity law implies them, the 
reciprocity laws of Tate and Witt also follow from Weil's law. 

Contents 1.9. The goal of the next chapter is to review the construction of the 
rigid analytic regulator and to list its basic properties for rational subdomains of the 
projective line without proofs, mainly for the sake of the reader. The relationship 
with Kato's residue homomorphism is established in the third chapter. The fourth 
chapter is concerned with the Contou-Carrere symbol and the Anderson-Romo 
reciprocity law. We review the general construction of the residue homomorphism 
for Kahler differentials in the fifth chapter which we relate to the Contou-Carrere 
symbol in case of local Artinian rings, and to Kato's residue homomorphism in case 
of local fields of dimension two. This reciprocity law is used to deduce Theorem 
1.5 and Corollary 1.7 in chapter six. 

Acknowledgment 1.10. I wish to thank the IHES for its warm hospitality and 
the pleasant environment they created for productive research, where this article 
was written. 

2. Review of the rigid analytic regulator 

Notation 2.1. In this chapter all claims are stated without proof. The interested 
reader is kindly asked to consult [17]. Let F be a local field and let C denote the 
completion of the algebraic closure of F with respect to the unique extension of 
the absolute value on F. Recall that C is an algebraically closed field complete 

with respect to an ultramctric absolute value which will bc' denoted by | • |. Let 
|C| denote the set of values of the latter. Let denote the projective line over 
C. For any x S and any two rational non-zero functions f,g€ C{{t)) on the 
projective lino lot {f,g}x denote the tame symbol of the pair (/, .9) at x. Recall 
that a subset U of P^ is a connected rational subdomain, if it is non-empty and 
it is the complement of the union of finitely many pair-wise disjoint open discs. 
Let dU denote the set of these complementary open discs. The elements of dU are 
called the boundary components of U, by slight abuse of language. Let 0{U), Ti{U) 
denote the algebra of holomorphic functions on U and the subalgebra of restrictions 
of rational functions, respectively. Let 0*{U), TZ*{U) denote the group of invertible 
elements of these algebras. The group TZ*{U) consists of rational functions which do 
not have poles or zeros lying in U. For each / e 0{U) let ||/|| denote sup^g^/ 
This is a finite number, and makes 0{U) a Banach algebra over C. We say that the 
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sequence /„ G 0{U) converges to / G 0{U), denoted by /„ /, if /„ converges to 
/ with respect to the topology of this Banach algebra, i.e. lini„^oc II/ — = 0. For 
every real number < e < 1 we define the sets £>«([/) = {/ G 0(C/)|||1 - /|| < e}, 
and?7e = {^GC||l-^| < e}. 

Theorem 2.2. There is a unique map {-j-jn : 0*(U) x 0*(U) C* for every 
D S dU , called the rigid analytic regulator, with the following properties: 
(i) For any two f,g& TZ*{U) their regulator is: 

{f,9}D = Yl if'9}x, 

(a) the regulator {■,-}d is bilinear in both variables, 

(Hi) the regulator {-j-jo is alternating: {f,g}D ■ {g^fjo = 1> 

(iv) iff,l-fe 0{Uy, then {/, 1 - f}D is I, 

(v) for each f G 0^{U) and g G 0*{U) we have {f,g}D G f/^. □ 

Remark 2.3. It is an immediate consequence of property (v) that the rigid analytic 
regulator is continuous with respect to the supremum topology. Explicitly, if / and 
g are elements of 0*{U), D € dU is a boundary component, and /„ G 0*{U), 
gn G 0*{U) are sequences such that fn—^f and gn ^ 9, then the limit 

lim {fn,9n}D, 

n— *cx) 

exists, and it is equal to {f,g}D- 

Let M{U) denote the field of mcromorphic functions of U and let A4*{U) denote 
the multiplicative group of non-zero elements of Ai{U). 

Theorem 2.4. There is a unique set of homomorphisms deg^ : A4*{U) Z where 
U is any connected rational subdomain and D G dU is a boundary component with 

the following properties: 

{i) the homomorphism deg^j is zero on Oi{U), 

(ii) for every f G TZ*{U) the integer deg jj{f) is the number of zeros z of f with 
z € D counted with multiplicities minus the number of poles z of f with 
z G D counted with multiplicities, 
{Hi) for every f G ^A*{U) we have deg£)(/|y) = deg£,(/) where Y C U is any 
connected rational subdomain satisfying the property D G dY. □ 

Definition 2.5. If U is still a connected rational subdomain of P^, and /, g arc 
two meromorphic functions on U, then for all x G U the functions / and g have a 
power series expansion around x, so in particular their tame symbol {/, g}x at x is 
defined. The tame symbols extends to a homomorphism {•, -Jx : K2{A4{U)) C*. 
We define the group K2{U) as the kernel of the direct sum of tame symbols: 

0{,.}.:K2(A1(t/))-0e. 

xeu xeu 

Let k = J2i fi'S) gi & K2{U), where fi, gi G M.{U), and let D G dU. Let moreover 
y be a connected rational subdomain of U such that fi, gi G 0*{Y) for all i and 
dU C dY. Define the rigid analytical regulator {fc}_D by the formula: 

{k}D = '[l{fi\Y,9i\Y}D- 
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Theorem 2.6. (i) For each k € K2{U) the rigid analytical regulator {k}D is well- 
defined, and it is a homomorphism {-Id : K2{U) C* , 
(ii) for any two functions f,g€ 0*{U) we have {/ <8) 5}d = {f,9}D, 
(Hi) for every k S K2{U) the product of all regulators on the boundary components 
of U is equal to 1: 

n {k}D = i.n 

DedU 

Definition 2.7. For every C/ C connected rational subdomain let ZdU denote 
the free abelian group with the elements of dU as free generators. Let H\{JJ) denote 

the quotient of Z9(7 by the Z-module generated by X^ueaa ^- 1^°'' every D E dU 
we let D denote the class of D in Hi{U) as well. Let Ab denote the category of 
abelian groups. Let Crs denote the category whose objects are connected rational 
subdomains of P-*^ and whose niorphisnis arc holomorphic maps between them. Let 
D{w, r) denote the open disc of radius r and center w, that is 

D{w, r) = {z €C\\z -w\ <r} 

where < r e |C|. Finally for every pair a < 6 of numbers in |C| let A{a, b) denote 
the closed annulus P^ — -D(0,a) — D{oo, 1/b). Of course it is a connected rational 

subdomain. 

Theorem 2.8. There is a unique functor Hi : Crs Ab with the following prop- 
erties: 

(i) for every U CF^ connected rational subdomain H\{U) is the group defined 
in 3.7, 

[ii) for every map U ^ Y which is the restriction of a projective linear trans- 
formation f and D G dU boundary component we have: 

Hi{f){D) = fiD) e Hi{Y), 

(Hi) for every f : U ^ A{a, b) holomorphic map and D e dU boundary compo- 
nent we have: 

Hi{f){D) = deg^(/)D(0,a) G Hi{A{a,b)). □ 

Definition 2.9. Let J7 C P^ be a connected rational subdomain. For every class 
c G Hi{U) and element k G K2{U) wo define the regulator {k}c as 

{k}o = n 

DedU 

where X^Deaa c{D)D is a lift of c in ZdU. By claim (Hi) of Theorem 2.6 this 
regulator is well-defined. For every holomorphic map h : U ^ Y between two 
connected rational subdomains let h* : K2{M{Y)) — > K2{M{U)) be the pull- 
back homomorphism induced by h. By restriction it induces a homomorphism 
K2{Y)^K2{U). 
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Theorem 2.10. For any k G K2{Y) and c G Hi{U) we have: 

{h*{k)}c= n WH,W(c)-n 

EedY 

Definition 2.11. Let U be now a connected rational subdomain of defined over 
F. This means that 

C/ = {zePi||/,(z)| <1 (V« = l,... ,n)} 

as a set for some natural number n and rational functions /i, . . . ,/« G F{t). Let 
Of{U), npiU), 0*p{U), Tl*p{U) and Mf{U) denote the algebra of holomorphic 
functions, the subalgcbra of restrictions of i^-rational functions, the groups of in- 
vertible elements of these algebras and the field of meromorphic functions on the 
rigid analytic space U, respectively. Let U' denote the underlying rational subdo- 
main over C. Let K2{U) denote the largest subgroup of X2(A^_f(J7)) which maps 
into K2{U') under the restriction homomorphism K2{M.f{U)) — > K2(M.{U')). An 
F-rational boundary component of [/ is a set D e dU such that D is the im- 
age of the open disc of radius 1 and center under an i^-linear projective linear 
transformation of . 

Proposition 2.12. Let D he an F-rational boundary component of U, and let 
k G K2{U). Then {kjo gF*.D 

3. Kato's residue homomorphism 

Definition 3.1. In this chapter next we will continue to use the notation of the 
second chapter. In this chapter we will also assume that the absolute value on F is 
induced by a discrete valuation. Let D denote the open disc D{0, 1). Let M be the 
field of fractions of 0[[z]] and let M denote the completion of M with respect to the 
discrete valuation of M defined by the prime ideal mO[[z]] of height one, where m is 
the unique maximal ideal of O. The field M is just the field of bidirectional formal 
Laurent series of the form a„2;" over F such that |a„| is bounded above and 

lim„^_oo |an| = 0. It is a local field equipped with the absolute value 

II a„2;"||s = max|a„|. 

rteZ 

Every element of the formal Laurent series ring 0[[2]] defines a holomorphic function 
on the rigid analytic space D, hence every element M gives a meromorphic function 
on D. By Weierstrass' preparation theorem each element of 0[[z]] is the product 
of a polynomial and a unit of this ring, hence it has only a finite number of zeros 
in D. Therefore the limit 

{f,9}D = lim {/,ff}D(0,l-e) = H'f-^'^^^ 

o<€<i xeD 

becomes stationary for any pair of elements f,g G M* and defines an F*-valued 
bilinear map satisfying the Steinberg relation by Theorem 2.2 and Proposition 2.12. 
Therefore it induces a homomorphism {■}d '■ K2{M) F* . Note that the rigid 
analytic regulator denoted by the same symbol has the same value as this pairing 
for those pairs of functions for which both of them are defined by Theorem 2.6. 
Hence our notation will not cause confusion. 
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Proposition 3.2. There is a unique homomorphism {•}£> : K2{M) F* , called 

Kato's residue homomorphism, such that 

{i) the composition of the natural homomorphism K2{M) (M) and Kato's 

residue homomorphism is the homomorphism {■}d defined above, 
{ii) for each f e M* and g e ©[[-z]] with ||1 — fif||s < e <1 we have {f,g}D S U^. 

Proof. Clearly Kato's residue homomorphism is unique if it exits. We claim that 
for each f,gG M* with ||1 — g\\s < e < 1 we have {f,g}D G U^. We first show that 
this claim implies the proposition. In this case we may define {/, 5}d for any two 
elements / and g of M* as the limit 

lim {fn,gn}D, 
n— *oo 

where /„ e M*, gi„ e M* are sequences such that /„ f and gn ^ g- This 
limit exits because the sequence above is Cauchy by the claim above. Its value is 
non-zero as 

1= lim {fn,gn}D ■ {gn, fn}D = lim {/„, g„}£, • lim {g„, /„}/). 

n — *oo n — *oo n — *oo 

It is also independent of the sequences chosen as any two sequences may be combed 
together to show that they give the same limit. The map {■,-}d defined this way 
is automatically a bilinear map satisfying claim (ii) and the Steinberg relation, 
hence the existence follows. For every 1 > (5 G |C| sufficiently close to 1 the 
holomorphic functions / and g are elements of 0*{Ag), where Ag is the annulus 
Ag = {z € C\\z\ = S}. Write 1 — g = X^nez element of M. This power 

series will converge for all z G As when S sufficiently close to 1, hence there is a 
number < p < 1 and a negative integer N such that |a7i| < e/>~" for all n < N. 
For all (5 £ |C| such that p < S < Iwe have the following estimate for the supremum 
norm ||1 ^ g|| on the annulus Ag: 

111 - g\\ < max(|| ^ a„z"||, || ^ a„z"||) < max(e,e(5^) = eS^ . 

n<N n>N 

Therefore the limit inferior of the supremum norms ||1 — on the annuli Ag is at 
most II 1 — g\\s, so the claim is now clear by (v) of Theorem 2.2. □ 

Let t G Ollz]] be a imiformizer, which here means that t is of the form cz + z^/i, 
where c G O* and h G C[[z]]. Then there is a unique O-algebra automorphism 
(I) : 0[[z]] 0[[z]] such that (i>{z) = t and ||?i(/i)||s = \\h\\s for every h G 0[[z\]. The 

automorphism (j) extends uniquely to a norm-preserving automorphism (j) : M ^ M. 
Let (pif : K2{M) K2{M) denote the induced automorphism. 

Proposition 3.3. The automorphism leaves Kato's residue homomorphism in- 
variant. 

Proof. By continuity we only have to show that the equation {0*(fc)}D = {k}D 
holds for any k G K2{M). Note that the power series t as a holomorphic function 
t : D ^ D leaves the annulus Ag invariant for any positive rational 6 <1 where we 
continue to use the notation of the proof above. In fact for any z € Ag we have 

\t{z)-cz\ < \z'^\ = < S = \cz\. 

The inequality above also implies that degj^^Q g-^ (t) = 1 by claim (iii) of Theorem 
2.8, hence the claim follows at once from Theorem 2.10. □ 
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Lemma 3.4. For every pair of positive integers n and m the following identities 
hold: 

[i) {1 - at-", 1 - 6t-™}zj = I, if \a\ < 1 and \b\ < I, 
(ii) {1 - ot", 1 - bf^jD = 1, if \a\ < 1 and \b\ < I, 

(m) {1 - at", 1 - 6t-™}D = (1 - a™/("'™)6"/("'™))("'"), if \a\ < 1 and \b\ < 1, 
(iv) {1 - ai~", 1 - 5t"}D = (1 - a™/(",™)5"/(".™))-(»,™)^ if \a\ < 1 and \b\ < 1. 

Proof. Note that the equations {Hi) and (iv) are equivalent, because we can get 
the latter from the former by reversing the roles of the symbols a and b, and using 
the antisymmetry of the rigid regulator. Hence we only have to show (z), (ii) and 
(iii). First assume that both m and n are equal to 1. We may assume that both 
a and b are non-zero. In case (i) the two linear expressions in t^^ both have one 
zero, which are a and 6, respectively. They also have a pole, which is the point 
zero. These points all lie in D, so Weil's reciprocity law implies: 

{1 - at-\ 1 - bt-^}D = 1 - bt-^}x^ = 1. 

In case {ii) the zeros of the two linear polynomials are 1/a and 1/6, respectively, 

which do not lie in D. Hence the equation holds in this case. In case {Hi) the 
expression of 1 — at does not have a zero or a pole in D, but 1 — bt~^ does, hence: 

{1 - at, 1 - bt~^}D = {1 - at, 1 - bt~^}o • {1 - at, 1 - bt~^}b = 1 - ab. 

Now assume that n and m are relatively prime and none of them is divisible by 
the characteristic of C. Let ei, £2 be a primitive n-th and a primitive m-th root 
of unity, respectively. Let a and /3 be an n-th root of a and an m-th root of b, 
respectively. Since le^al" = \a\ and leg/?!™ = \b\, the condition of claim {iii) hold 
for these values, so we get: 

n rn n rn 

{l-ar,l-bt-"'}D=l[l[{l-e\at,l-ei(3t-^}D = l[ll{l-e\aeiP) = 1-ab. 

i=lj=l i=lj = l 

The other two claims follow similarly. Now assume that n and m are still relatively 
prime, but one of them, for example n, is divisible by p, the characteristic of C. 
In this case 1 — at^" = (1 — at^"/^)^, where = a, so the claims follow from 
what we have proved already, by induction on the exponent of p in the primary 
factorization of n. In the general case we have: 

{1 - at±", 1 - bt^'^jD = {1 - at±"/("'™), 1 - 6i±™/('^.'»)}(^'™), 

which follows from applying Theorem 2.10 to the map 1 1— > □ 

Lemma 3.5. For every pair of integers n and m the following identities hold: 

{i) {at"',bt"^}D = (-l)""a"5-", if both a and b are non-zero, 
{ii) {at", 1 — bt"^}n = 1, if a 0, \b\ < 1 and m is positive, or a 0, \b\ < 1 
and m is negative. 
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Proof. In case (i) both expressions have at most one singularity on the disc D 
which is the point zero. Therefore 

{at",bt'"}D = {ar,6t'"}o = (-l)"™a'"6-". 

In case {ii) we may immediately reduce to the case b ^ and |m| = 1 using the 
same arguments as the proof above. If m = 1 then linear expression 1 — bt has no 
singularity on the disc D, hence 

{at", 1 - bt}D = {cti", 1 - bt}o = 1. 

In the other case the expression 1 — bt~^ has two singularities on the disc D: a pole 
at and a zero at b. Therefore 

{ar, 1 - bt-^}D = {ai", 1 - 6t-^}o{ai", 1 - br^jb = 1. □ 

Definition 3.6. Fix a uniformizer tt G F and let TZ denote the valuation ring 
of M. For every u € TZ let u € TZ/nTZ denote the reduction of u modulo the 
proper maximal ideal of 1Z. Note that TZ/ wTZ is a local field since it is canonically 
isomorphic to f((^)) where f is the residue field of F. Let v denote the valuation 
of TZ/ttTZ normalised such that = 1. Every element u € M* can be written 
uniquely in the form 7r"u for some n G Z and v G TZ* . We define dcg(u) as i'{v)- 

Lemma 3.7. We have {c, it}/) = c'^^si") every c E F* and u G M* . 

Proof. By the continuity and the bilinearity of Kato's residue homomorphism we 
only have to show that the equation in the claim above is true when u = dv where 

d £ F* and v G 0[[2:]]- Because {c, c?} = 1 by definition we may assume that u = v. 
In this case the number of zeros of the convergent power series u on D counted 
with multiplicities is exactly deg(M) so the claim holds. □ 

4. The Contou-Carrere symbol and 

THE AnDERSON-ROMO RECIPROCITY LAW 

Notation 4.1. Let k be a perfect field and let C denote the category of local 
Artinian rings with residue field k. By slight abuse of notation we will let C denote 

the class of objects of this category as well. 

Lemma 4.2. Assume that k has characteristic zero. Then for every object A in 
C there is a homomorphism i : k — > A such that the composition of the reduction 
map A — > k modulo the maximal ideal of A and i is the identity map. 

Proof. This is a special case of Proposition 6 of [21] on pages 33-34. □ 

Lemma 4.3. Assume that k has positive characteristic p. Then for every object 
A in C there is a homomorphism i : W(k) ^ A of local rings, where W(k) is the 
ring of Witt vectors of k of infinite length, such that the map induced by i on the 
residue fields is the identity. 

Proof. By Theorem 8 of [21] on page 43 the ring W(k) is strict hence the claim 
follows from Proposition 10 of [21] on pages 38-39. □ 



ON THE KERNEL AND THE IMAGE OF THE RIGID ANALYTIC REGULATOR 11 



Proposition 4.4. Assume that k is algebraically closed and let V be a subclass of 

the class of objects of C such that the following conditions hold: 

(i) if A G C is the quotient of a discrete valuation ring with residue field k, 
then AgV, 

(ii) if A G C is the quotient of an element of T), then A G T), 
{Hi) if A G C and for every x G A* different from 1 there is a B G V and a 
homomorphism (j) : A^ B such that (j){x) ^ 1, then A gV. 

In this case V is the whole class of objects of C. 

Proof. For every pair of natural numbers n and m let An^m denote the local 
Artinian algebra: 

n n 

An,m = H[xi Xn]]/{{[[ x'S'^ \J : {1, 2, . . . , n} ^ N, ^ J(i) = m + 1}). 

First assume that k has characteristic zero. In this case for every A G C there is a 
surjective local homomorphism An,m ^ for some n and m. On the other hand 
Ai^m GT) hy condition (i). Therefore it will be enough to show that for every x G 
j4* ^ with X ^ 1 there is a homomorphism (j) : An^m ^i.m such that (^(x) 7^ 1 by 
condition (Hi). There is a positive integer k < m such that x = 1 mod tn*^~^, but 
X ^ l mod TTL^. Every local homomorphism cj) : A^^^ 

^ Aim induces a k-linear 

homomorphism : m''/m''~^^ — > n'/n'+^ for every positive I < m, where n is the 

maximal proper ideal of Ai^m- For every vector space V over k let Sym}{V) denote 
the l-ih. symmetric power of V and for every k-linear map h : V ^ W between 
vector spaces over k let Sym\h) : Sym\V) — > Sym''{W) denote the Z-th symmetric 
power of this homomorphism. The multiplication induces a natural isomorphism 
between Sym'^ {m/m^), Sym'^in/n^) and m'^/tn'^"'"^ and n'^/n'^+^, respectively, and 
under these identifications we have = Sym'^iT^). Since any k-linear map h : 
m/xv? XV I X? = k is induced by a local homomorphism : A^^^ ^i.mj it will 
be sufficient to prove the following lemma. 

Lemma 4.5. For every Q ^ v G Sym'^{k") there is a k-linear map </> : k" ^ k 
such that Sym^{4>){v) ^ 0. 

Proof. We are going to prove the claim by induction on n. The case n = 1 is 
obvious. Let xi,X2, • • • , a;„ be a basis of k". Write v as 

k 

V = ^Pj{xi,X2, ■ . . ,Xn-l)xi, 

where G Sym''~^ (k"~^). For & < j < k the polynomial is not zero, therefore 
there is a k-linear map (pi : k"^^ ^ k by induction, where k""^ is spanned by 
Xi,X2,--- ,Xn-i, such that Sym''~^ {(j)\){pj) ^0. The polynomial: 

k 

p{t) = Y,Sym^-'{<ki){p^)ti 
3=0 

is not identically zero, hence it has finitely many roots. The field k is assumed be 
algebraically closed, in particular it is not finite. Hence there is a /3 € k which is not 
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a root of the polynomial above. Let (/) : k" ^ k be the unique k-linear extension 
of with (j){xn) = (3- In this case Sym''{v) = p{f3) ^ 0, so the claim is proved. □ 

Now assume that k has characteristic p > and let W(k) denote the ring of 
Witt vectors of k of infinite length. For every pair of natural numbers n and m let 
Bn,m denote the local Artinian algebra: 

n n 

i?„,„ = W(k)[[xi, . . . , • n I J : {0, 1, . . . , n} ^ N, ^ J(j) > m}). 

i=i i=o 

For every A G C there is a surjective local homomorphism i?n,Tn ~^ ^ for some n and 
m. By repeating the argument above we may reduce the proof of the proposition 
to show that there is a homomorphism (j) : Bn,m Bo,m such that (/>(x) =/= 1 for 
every x G with x = 1 mod m*^"^, but x ^ 1 mod m*^ for some positive 

integer k < m, where m is the maximal ideal of B„ „j- Every local homomorphism 
4' ■ Bnin B^in induccs a k-lincar homomorphism Tj, : m'/nr'^^ /n^'^^ for any 
positive / < m, where n is the maximal proper ideal of i?o,m- Let Tp, T-"- denote 
the k-linear subspace of m/m^ generated by p and the elements xi,X2-,--- ,Xn, 
respectively. The multiplication induces a natural isomorphism: 

k 

i=o 

and another between Sym''{n/n^) and n'^/n'^+^. Moreover there is a canonical 
isomorphism b : Tp ^ n/v? between these one-dimensional vector spaces. Under 
these identifications we have 

k 

= W W ® Sym''-\Tl\T.). 

Since every k-linear map h : T-^ — > n/n^ = k is induced by a local homomorphism 
^ : Bn,m -Bo,TO5 the proposition follows from the lemma above. □ 

Definition 4.6. Let ^ € C be a local Artinian ring with maximal ideal m and let 

/ be any element of A{(t))* . Then there is an integer w{f) £ Z, and a sequence 
of elements ai G A indexed by the integers such that qq G A* , a-i € m for i > 0, 
a-i = for i sufficiently large, and 

oo oo 

f = ao- • - <^in ■ 11(1 - a_it-% 

and these are uniquely determined by /. The integer w{f) is called the winding 
number of / and the elements Oi are called the Witt coordinates of /. Let /, 

g G A{{t))* be arbitrary with winding numbers w{f), w{g) and Witt coordinates 
ttj, bj, respectively. By definition the Contou-Carrcrc symbol {f,g) is: 

{f,g) = (_i)^(i>(.) "° ^^^=i^W(i "^.^^..'7^../ e A*. 
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Obviously all but finitely many terms are equal to one in the infinite product above, 
hence the Contou-Carrere is a well-defined alternating map: 

{.,-):A{{t)rxA{{t)r^A*. 

It is also clear from the formula that the Contou-Carrere symbol is equal to the 

tame symbol if A is a field. 

Proposition 4.7. The Contou-Carrere symbol is a bilinear map satisfying the 
Steinberg relation. 

Proof. Because k is perfect for every object A of C there is a local Artinian ring B 

with residue field k, where the latter is the algebraic closure of k, and an injective 
local homomorphism i : A B. Indeed the algebra B = A (Sik k and B = 
A <8)w(k) W(k) will do, when k has characteristic zero or positive characteristic, 
respectively, using the fact has A can be equipped with the structure of a k-algcbra 
or W(k)-algebra, respectively, by Lemmas 4.2 and 4.3. Hence we may assume that 
k is algebraically closed. Let V denote the subclass of those local Artinian rings 
with residue field k which satisfy the claim of the proposition above. Clearly we 
only have to show that this subclass satisfies the conditions of Proposition 4.4. If 
A e C is the quotient of a discrete valuation ring R with residue field k, we may 
assume that R is complete with respect to its valuation. Let K be the quotient 
field of R and let C be the completion of the algebraic closure of K. The latter 
is an algebraically closed field complete with respect to an ultrametric absolute 
value. For every / £ A{{t))* there is a lift / € R{{t))* whose image is / under 
the functorial map R{{t)) — *■ A{{t)). By Lemmas 3.4 and 3.5 the Contou-Carrere 
symbol of / and 1 — / is the reduction of rigid analytic regulator — /juGiZ 
modulo the maximal ideal of R, hence the Contou-Carrere; symbol satisfies the 
Steinberg relation. A similar argument shows that it is also bilinear, therefore (i) 
of Proposition 4.4 holds for V. Property (m) also follows from same reasoning, 
because every / g A{{t))* has a Hft / e B{{t))* if the map B ^ A is surjective. 
Finally let A G C be an algebra which satisfies the condition in (Hi) of Proposition 
4.4. Assume that there is an 1 / / e A{{t))* such that (/,!-/) ^ 1. Then 
there is a B S P and a homomorphism (f> : A ~> B such that 1 7^ 1 — /)) = 
((/>*(/), 1 — 4't.{f)) ^ 1, where </>* : A{{t)) B{{t)) is the functorial map induced 
by (j), which is a contradiction. A similar argument shows that the Contou-Carrere 
symbol is bilinear over A, therefore property {Hi) also holds for V. □ 

Let X € A[[t]] be an uniformizer, which means that x is of the form ct + t^h, 
where c € A* and /i G In this case there is a unique ^-algebra automor- 

phism (j) : A[[t]] A[[t]] such that (j){t) = x. On the other hand every A-algebra 
automorphism of A[[t]] is of this form. The automorphism (f) extends uniquely to 
an automorphism (j) : A{{t)) — > A{{t)) by localizing at the maximal ideal. 

Proposition 4.8. The automorphism (j) leaves the Contou-Carrere symbol invari- 
ant. 

Proof. As in the proof above we may assume that k is algebraically closed. Let T> 
again denote the subclass of those local Artinian rings with residue field k which 
satisfy the claim of the proposition above. We need to show only that this subclass 
satisfies the conditions of Proposition 4.4. Let ^ : B — > A be a surjective homo- 
morphism of local algebras with residue field k and let V* : B{{t)) A{{t)) be 
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the functorial map induced hy ip. If _B is Artinian or a discrete valuation ring then 
there is a i?-algebra automorphism (j)B ■ B{(t)) ^ B{{t)) such that V** °9^b = V'* 
which is of type described before Proposition 3.3 if B is a discrete valuation ring. 
Hence (i) and (ii) of Proposition 4.4 holds for V by Proposition 3.3. A similar 
argument as above shows that condition (Hi) also holds for V. □ 

Notation 4.9. Let A G C be a local Artinian ring and let tt : X ^ Spec(A) be a 
projective flat morphism whose fiber Xq over the unique closed point of Spec(A) 
is a reduced, connected, regular curve over k. Let S* be a finite set of closed 
points of X (or, equivalently, of Xq) and let / and g be two rational functions 
on X which are invertible on the complement of S. For every s € S choose an 
A-algebra isomorphism (j)^ between the completion Os,x of the stalk Os.x of the 
structure sheaf of X at s and The latter induces an isomorphism between 

the localization of Os,x by the semigroup of those elements whose image under 
the canonical map Os,x — > ^s,Xo is non-zero, where Os,Xo is the the completion 
of the stalk Os.Xq, which will be denoted by (f)s, by the usual abuse of 

notation. Let {f,g)s denote the Contou-Carrere symbol of the image of / and g 
under (ps for every s in S. By Proposition 4.8 the value of {f,g)s is independent 
of the choice of the isomorphism (ps, so the symbol {f,g)s is well-defined. The 
following result is the reciprocity law of Anderson and Romo (see [2]). 

Proposition 4.10. The product of all the Contou-Carrere symbols of f and g is 
equal to 1: 

Proof. We are going to use the same strategy for proof as we used before: in par- 
ticular we assume that k is algebraically closed. Let V denote the subclass of those 
local Artinian rings with residue field k which satisfy the claim of the proposition 
above. We will show that this subclass satisfies the conditions of Proposition 4.4. 
If A G C is the quotient of a discrete valuation ring R with residue field k, we may 
again assume that R is complete with respect to the valuation. Let K denote the 
quotient field of R and let C denote the completion of the algebraic closure of K as 
above. Because the deformation theory of regular projective curves is unobstructed, 
there is a formal scheme X over the formal spectrum of R whose fiber over Spec(y4.) 
is X. By the algebraicity theorem of Grothendieck X is actually the formal com- 
pletion of a smooth curve over Spec(i?) which will be denoted by X by abuse of 
notation. By flatness there are rational functions / and g on X whose restriction 
to the fiber over Spec(^) is / and g, respectively. The rigid analytic domain Dg 
of C-valued points of X which reduces to s is isomorphic to the open disc D by 
the formal inverse function theorem. By Lemmas 3.4 and 3.5 the Contou-Carrere 
symbol of / and g is the reduction of rigid analytic regulator the product of the 
tame symbols {f,g}x modulo the maximal ideal of R where x is running through 
the C-valued points of set Dg. The rational functions / and g has only poles or 
zeros in the union of the sets Dg hence the reciprocity law of Anderson and Romo 
holds by Weil's reciprocity law. 

Property {ii) also follows from same reasoning. If the map B ^ A is surjective 
and X, f and g are as above, then there is a similar triple X, f and g over Spec(S) 
such that X is the fiber of X over Spec(A) is X and the restriction of / and g to 



ON THE KERNEL AND THE IMAGE OF THE RIGID ANALYTIC REGULATOR 15 

X is / and g, respectively, because the deformation theory of X is unobstructed. If 
B then the claim holds for the triple X, f, g, so it must hold for the triple X, 
f, g as well. Finally let ^ e C be an algebra which satisfies the condition in {in) 
of Proposition 4.4. Assume that there are rational functions / and g as above such 
that Yisesif'd)^ 7^ ^- Then there is a _B G I> and a homomorphism cj) : A ^ B 
such that 1 ^ </>(ri,gs(/'5')^) = UsG,i>'iS)i'^*if)^4>*i9))s, where (/>*(/), ^*ig) and 
<t>*{S) are the base change of the corresponding objects on the curve 4'*iX) which 
is the base change of X with respect to the map (f>* : Spcc(S) — *■ Spec(A). This is 
a contradiction, therefore property (iii) also holds for T>. □ 

Remark 4.11. It is possible to push the methods of this paper a bit further to 
actually give a proof of Weil's reciprocity law itself by reducing it to the case of 
Mumford curves, when it follows from (in) of Theorem 2.6 at once. We will only 
sketch this argument because it uses a considerable amount of machinery compared 
to the relatively elementary nature of Weil's reciprocity law. For any scheme S and 
any stable curve n : C S of genus g let u)c/s denote relative dualizing sheaf. 
By Theorem 1.2 of [8], page 77 the functor which assigns to each scheme S the set 
of stable curves ir : C ^ S, and an isomorphism P(7r*(a;§^g)) ^ P^^"*^ (modulo 
isomorphism) is represented by a fine moduli scheme i^g. By Corollary 1.7 of [8], 
page 83 and the main result of [8], pages 92-96, the scheme Sjg is smooth over the 
spectrum of Z and the base change (i3g)spec(k) is irreducible for any algebraically 
closed field k. Let X smooth, projective curve over k and let / and g be two 
non-zero rational functions on X. We may assume that the genus <? of X is at least 
two by taking a cover of X and proving the reciprocity law for the pull-back of / 
and g instead. Let x be a k-valued point of Sjg such that the underlying curve is 
X and let y be another k-valued point such that the underlying curve is totally 
degenerate. Since (i3g)spec(k) is an irreducible, smooth quasi-projective variety, 
repeated application of Bertini's theorem shows that there is a smooth, irreducible 
curve S mapping to (i3g)spec(k) whose image contains both x and y. Let it : C S 
be the pull-back of the universal family. There are rational functions / and 5 on C 
whose restriction to the fiber over .t, which is X, arc / and g, respectively. Since 
the base change of C to the spectrum of the local field of S* at y is a Mumford 
curve, Weil's reciprocity law holds for / and g, hence holds for / and g, too. One 
may say that this proof is close in spirit to the classical proof of the reciprocity 
law over the complex numbers using triangulation, since it decomposes the curve 
to small pieces in a suitable topology. 



Definition 5.1. We will continue to use the notation of the previous chapter. For 
every k-algebra A let il]4 denote the graded differential algebra of k-linear Kahler 

differential forms of A and for every k-algebra homomorphism h : A B let 
^^{h) : fi^ — *■ induced by h by functoriality. Every u> € ^^((t)) can be written 
uniquely in the form: 



where m is a natural number, /3j e ^ and wq G ^A[[t]] Res*^(a;) € 

denote the element /3i. We get a map Res*' : —>■ ^a~^ which is called 



5. The differential reciprocity law 
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the residue. 

Proposition 5.2. The following holds: 

(i) we have Res'^^*(acL') = aRes'^(w) for every a G n\ and uj S fi^^j-j-j, 
(ii) we have Q''~^{h) o Res'' = Res'' o ^^{h') where h : A ^ B is a k-algebra 
homomorphism and h' : A{{t)) — > B{{t)) is the corresponding k-algebra 
homomorphism induced by functoriality, 
{Hi) we have Res''(tc') = for every lo € '^"'^ ■f'^^ every oj € ^^[ij; 

(iv) the map Res*' does not depend on choice of the uniformizer t. 

Proof. Our method of proving the first two claims is the same. Using the notation 
of Definition 5.1 we have: 

dt 



Because € 17^+'"^ and acuo € n''^^^^ + A{{t))n''/' we have Res'=+*(aw) = a/3i 
by definition so claim (i) is true. On the other hand: 

n''{h'){u;) = f2^'-\h){Pi)^ + n>^{h'){uo) 
i=l ^ 

where n''-^{h){l3i) e Q^'^ and 0'=(/i')(wo) e O^jj^^j + Therefore we 

have Res'' (fi'' (ft,') (a;)) = n'^~^{h){Pi) as claim (ii) says. The first half of claim 

{Hi) is immediate from the definition of the residue. In order to prove the second 

half we only need to show the identity Res^(dt~") = for all n > 1 by the O^- 

lincarity of the residue spelled out in claim (i). But the latter is obvious. Claim 

{iv) means the following: let x € A[[t]] be an uniformizer, which means that x 

is of the form tu, where u e ^[[i]]*. In this case there is a unique A-algebra 

automorphism (f> : A[[t]] A[[tW such that (p{t) = x as wc already saw when we 

prepared to formulate Proposition 4.8. The automorphism (j) extends uniquely to an 

automorphism (f) : A{{t)) A{{t)) by localizing at the maximal ideal. Claim {iv) 

means that the equation Res'' o fl'^{(f>) = Res'' holds. Because the homomorphism 

H''{(f>) maps ^^A[[t]] ^^'^ ™to itself we only need to show that 

dx dx 
Rcsi(— ) = 1 and Res^(— ) = for ah n > 2 

X a;" 

by n^-linearity. These identities follow at once from the same type of identity in 
Proposition 5' in [20] on pages 20-21 by the principle of prolongation of algebraic 
identities quoted in the proof of the proposition just mentioned above. (Or one 
may use the functorial argument explained in the remark following the proof of 
Proposition 5' in [20] instead.) □ 

Notation 5.3. For every k-algebra B let dlog : B* fi^ denote the logarithmic 

differential given by the rule dlog{u) = u~^du for every u G B*. Let moreover dlog^ 
denote the Z-bilinear pairing: 

dlog^ ■.B*®B*^9?B 

given by the rule: 

dlog^{a,b) = dlog{a)dlog{b) (Va G B*,V6 G B*). 

Recall that for every object A of C the symbol (•,•) denotes the Contou-Carrere 
symbol. 
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Proposition 5.4. The following diagram commutes: 



{;■) 



1 



Res^ 



for every object A of C. 

Proof. By bilincarity and antisymmetry of the Contou-Carrcrc symbol and the 
map dlog^ it will be sufficient to prove for every pair of integers n, m and element 
a, 6 e j4 the following identities: 

{i) Rcs2(rf/o.92(l - af", 1 - fet")) = 0, if n, m > 0, 
{a) Res^ldlog^ll - at'", 1 - = 0, if a, 6 G m and n, m > 0, 

iiii) Res^idlog'^iat'', 1 - bt"")) = 0, if a e ^* and m > 0, 
(iv) Rcs2(d/o.g2(at», 1 - bt"")) = 0, if a e A*, & e m and m < 0, 
(v) Res\dlog\at'', bf^)) = m{da/a) - n{db/b), if a, 6 G A*, 
(vi) Res'^ {dlog'^il - at"", 1 - 6*"")) = dlog{{l - aW(»,m)5n/(»,m))(n,m)), if 6 G m 
and n, TO > 0, 

(vii) Res^{dlog^{l - ft'^"+^, 1 - 6*"")) = 0, if / G A[[t]], 6 G m and n > 0, 
where m is the maximal proper ideal of A and M is a positive integer such that 
= 0. Note that 

dlog{l - ai") = -(dat" + nat''-^dt){l + at"" + a^i^" + • • • ) 

lies in ^^^[[t]], if a G A and n > 0, and lies in f^^jij, if a G m and n < 0. Hence the 
first two identities follow from claim {Hi) of Proposition 5.2. For every a £ A* and 
6 G A we have: 

dlog'^iat'', 1 - ftt") = - (1 + 6i™ + bH^"^ + ■■■ )(^ + nj){dbt'" + mUr-^dt) 

Til h 

=(ndb - —da){t"'-^dt + bt^'^-^dt + bH^'^-^dt + •••)+ Wo 

where G when cither m > or when & G m and m. < 0. The first 

summand in the second line lies in ^^^[[t]]) if to > 0, and lies in f^^jij, if 6 G m and 
TO < 0. Hence its residue is zero so identities (Hi) and (iv) are true. For every a, 
b G A* we have: 

,7 2/ ,,rr,^ ^ ^.o dt . . dt dt . , da db.dt 

dlog^(at^ ,bt ) = ( + to— ) = (to n— ) h wq 

a t b t a b t 

where uio G fl\ so identity (f) is clear. By definition: 

dlog{{l - a™/(n,™)5n/(n,™)^(n,™)) = _!!^^ ^ J , ^ 



for every a G A, 6 G m and n, to > 0. We also have: 



(l-ar)-i(l-6-™)-i =^ a'b>t 



k 



in—jm=k 
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for such a and h. Because in — jm = m — n for any i,j G N if and only if 
i + 1 = lm/{n, m) and j + 1 = ln{n, m) for some Z € N we have: 

oo 

1=1 

for some r e j^lj] and s G Hence we have: 



(1 - at")(l - 6t-™) 
-(m6da + nadb)t"--"'-'^ dt 



(1 - at")(l - fo^-™) 

^m/(n,m)-l5«/(n,m)-l(^5^^ _^ nadb)t-'^dt 



+ Wo 

- nadb)t~^dt 

+ Wo + '^1 



where ojq S and oji G ^^^[i] +^A[[t]]- Identity (w) is now obvious. Finally 

consider the last identity. Note that 

dlog{l - bt-") = -{dbt-'' - n6i-"-irft)(l + 6*"" + bH''^'' + ■■■ + ft^-H^^-^)") 
because 6^ = by assumption, and 

dlog{l - ft^^+^) = -[dft^'^+^ + {Mn + + + ^ . . . ^ 

hence 

dWil - ft^''+^, 1 - ={dft + {Mn + l)fdt){db - nbt-^dt)g 

={tdfdb - nbdfdt + {Mn + l)fdtdb)g 

where g G A\\t\\. The claim is now clear. □ 

Definition 5.5. Let L be a field complete with respect to a discrete valuation and 

let 7^, m dc^notc its discrete valuation ring and the maximal ideal of TZ, respectively. 
Assume that the residue field of L is k and the quotient map 7?. ^ k has a sec- 
tion which is a ring homomorphism. The latter equips L and TZ with a k-algebra 
structure. Let 0,'^^ denote the graded differential algebra which is the quotient of 
the complex by the homogeneous ideal generated by r\n>ixn^^''n and let 17^ 
denote the image of in under the quotient map. For every natural number 
n let TZn denote the truncated ring 7?./m"+^ and for every pair m < n of natural 
numbers let 7r„ : 7^ ^ 7^„ and 7r„ : 7^„ TZm denote the canonical projection. 
The system modules {f7^^}„£f!j form a compatible system with respect to the mor- 
phisms fl''{nn^m) {m < n) hence it has a projective limit ^im ^^ ;oj(^tc„)- The maps 
n''(7r„) : fl^ — > O:^^ factor through and their limit induces an identification: 
= ].im^^ , ) which we will use without further notice. Let dlog : L* — > fi]^ 

and dlog^ : K2{L) also denote the composition of dlog, dlog^ an the quotient 

map ri}^ — > ^ ri]^, respectively. 
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Definition 5.6. Lot tt bo a uniformizer of L and let ^I'Klog) denote the subgroup 
TT^^il^ of n^. Clearly the group VL\{log) is independent of the choice of the uni- 
formizer TT. Let O denote the discrete valuation ring k[[a;]] and let F denote its 
quotient field. Let M denote the field attached to F which was introduced in Defi- 
nition 3.1 and let TZ denote the valuation ring of M. The uniformizer x of is also 
a unifomizer in M. There is a natural isomorphism TZn = On{{z)) for every n e N, 
where 1 denotes also the reduction of z in IZn for every n by slightly extending 
the notation introduced in Definition 3.6, therefore for every u) G the residue 

Res''(cj) e is well-defined. For every w G ?l^{log) let Res''(a;) e ?l^f^ be 

given by the rule: 

Res'^(w) = i Jim (Res'=(f}'=(7r„)(xw))) 

where the map ll'^(7r„) : induced by ^l'^(7r„). The system: 

{Res'^(17'=(7r„)(a;t^))}„eN 

satisfies the compatibility described above by claim {ii) of Proposition 5.2 hence 
Res'°(w) is well-defined. Because of the 0„-linearity of the residue it is obvious that 
Res'^(a;) is independent of the choice of x as the notation indicates. 

Remark 5.7. Let (f) : M ^ M be a valuation-preserving i^-algcbra automorphism. 
Then there is a unique map VL^{(t)) : such that Vl^{(t)) o Qk = Qk ° ^''{4') 

where qk '■ is the quotient map. The automorphism ^^{(j)) of fi^jr 

preserves the subgroup ^'i^(log) and it commutes with the residue map Res'' by 
claim [iv) of Proposition 5.2. 

Theorem 5.8. We have dlog'^{k) e for every k G K2{M) and the diagram: 

K,(M) nj^ilog) 

{v}d| |rcs^ 
F* 

is commutative where {•, -j/j denotes Kato's residue homomorphism. 

Proof. By the linearity of the dlog^ map we only have to verify the first claim of 
the theorem as well as the identity expressed by the commutative diagram above 
for the elements of any set of generators of K2{M). Hence we may assume that 
k = u® V where either u, w 6 TL* or u = x and v is arbitrary. In the first case 
we have dlog'^{k) S obviously and the identity holds by Proposition 5.4. In the 
second case we may write v in the form v = x^w for some n S Z and w S TZ* . 
Because {x, x}d = ^ and dlog^{x®x) = by definition we may assume that v = w. 
The first claim is now obvious. Moreover in this case we may write v in the form 
V = z'^'^^^'"H for some t G TZ* such that the reduction tk of t modulo x''TZ lies in 
©^[[z]]* C TZk for every fc e N. Therefore dlog{tk) G fi^^jj-jj and we have: 

Res2(02(7rfe)(dx— )) =Res''{deg{v)^''{-Kk){dx—)) + Res''{Q?{'Kk){dx)—) 

V Z tn 

= deg{v)Q}{nk){dx) 
for every fc G N. The claim now follows from Lemma 3.7. □ 
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6. The image and kernel of the rigid analytic 
regulator in positive characteristic 

Notation 6.1. For every scheme X let K2,x denote the sheaf on X associated to 
the presheaf U i— > K2{H^{U,Ox)) for the Zariski-topology where K2{A) denotes 
Milnor's iC-group of any ring A. Let W„f2^ denote the de Rham-Witt pro-complex 
of any ringed topos X of Fj,-algebras. Moreover we let F denote the Frobenius 
morphism of the de Rham-Witt pro-complex. Recall that the logarithmic differ- 
ential dlog^ : 0*x Wnfi^ is defined as the composition of the Tcichmiiller lift 
0*x —>■ Wn^x ^'^d the differential d : W„f2^ — > W„r23o where X is the same as 
above. The bilinear map of sheaves: 

dlog^ ■.0*xxO*x^ Wn^x 

given by the formula: 

dlog\f(^g)=dlog\f)dlog\g) 

also satisfies the Steinberg relation dlog'^{ f (g; (1 — /)) = for all / G Ox with 
1 — / € Ox, hence it induces a map dlog^ : K2,x W„f2|.. Moreover let t'„(fc) 
denote the kernel of 1 — F on the degree k term W„f2^ of the de Rham-Witt pro- 
complex on the topos X. Let W„0^ denote the abelian sub-sheaf generated by 
the image of dZogi*, where i = 1, 2. It is easy to see using the defining relations of 
the de Rham-Witt pro-complex that W„r2^ lies in 

We will need the following result which is a special case of the celebrated theorem 
in [6] due to Bloch, Gabber and Kato. 

Theorem 6.2. Let F be a field of characteristic p. Then the map 
K2{F)/p-K2{F) ^ H\F,„Wr.a%^^^,J 

is an isomorphism, where H^{Ff,t,'Wn^^p^_^ i^g) denotes the group of global sections 
of the sheaf Wn^'p^^^iog on the etale site of the spectrum of F. 

Proof. The map is well-defined as W„ri* is annihilated by p". The map is an 
isomorphism by Corollary 2.8 of [6], page 117-118. □ 

Notation 6.3. Let k be a perfect field as in the previous two chapters. For every 
k-scheme X let ilx denote the complex of graded differential Ox-algebras of k- 
linear Kahler differential forms on X. Note that the complex is canonically 
isomorphic to the complex Wifl^. In particular there is a map dlog^ : i^2,x ^ ^x- 
For every A; G N and for every Cartier divisor D oto. X let ^\{D) denote the sheaf 
OJx ®Ox (D). Let i : X — D ^ X denote the open immersion of the complement 
of the support of D into X. Then the pull-back i*flx{D) is canonically isomorphic 
to ^x-D- Let 

i* : H°{X, n'^xiD)) ^ H'^iX - D, n'^x-o) 
denote the composition of the pull-back and this identification, too. 
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Lemma 6.4. Assume that X is a smooth surface over k and D is a normal cross- 
ings divisor. Then the image of the map: 

dW : H\X - D, K2,x) ^ H\X - D, 

lies in the image of the map i* : H'~' {X , ^l'^ (D)) — > H'^{X — D,n'j^_jj) introduced 
above. 

Proof. The claim is clearly local on X with respect to the Zariski topology hence 

we may assume that X is the spectrum of an integral regular k-algcbra A. We may 
also assume that D has at most one singular point and its branches are the zeros 
of some elements of A. The localization sequence for i^-theory induces a complex: 

H°{X,K2,x) > H°{X-D,K2,x) 

®cev(T(D)) H^{X — S{D), Oq) »• 0e£S(D) 2e 

which is exact at the term H^{X — D, -f^2,s), where the second map is the direct 
sum of tame symbols along the irreducible components and the third map is the 
sum of the maps which assigns every element of i?°(C — S{D),Oq) to its divisor 
considered as a zero cycle supported on S{D) for every C e ViV{D)). Let k be 
an arbitrary element of H^{X — D, i^2,x)- Assume first that D is irreducible and 
let t & A be an element whose zero scheme is D. Pick an element u & A whose 
pull-back to D is equal to the tame symbol T{k). By shrinking X further we may 
assume that u e A* . Then T{k) = T(t $5 u) hence dlog'^{k - t ® u) is the pull- 
back of a differential form on X by the localization sequence. On the other hand 
dlog^{t (8) u) clearly lies in the image of the map i*. Assume now that D has one 
ordinary double point s and let ti, t2 £ Ahc two elements whose zeros are the two 
branches of D. According to the complex above there is an n € Z such that the 
valuation of the restriction of T{k) onto the zero scheme of ti and t^ at s is n and 
— n, respectively. Hence by shrinking X further we may assume that there are ui, 
U2 £ A* such that the restriction of T{k) onto the zero scheme of ti and t2 is the 
restriction of Uit2 and W2t]~", respectively. Then we have: 

T{k) = T{ti (g) ^2)" • T{ti (g) ui) • T{t2 (El U2) 

and we may argue as above to conclude the proof. □ 

The lemma above has the following important corollary: because X — D is 
Zariski-dense in X the map i* : H°{X,n%-{D)) H°{X - D,n%-_jj) is injective. 
Hence the map dlog"^ has a unique lift: 

dlog'' -.H^X- D,K2,x) ^ H°{X,n''x{D)) 

which will be denoted by the same symbol by the usual abuse of notation. 

Proposition 6.5. Assume that 3C is a smooth irreducible projective surface over 
k and the field k is finite of characteristic p. Then the group H'^(X, K2^x) is the 
extension of a torsion group by its maximal p- divisible subgroup. 
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Proof. Using the notation of [15] on pages 307 and 309 let H^{X, Z(2)) denote the 
projective hmit ^m(iJ°(X, i^„(2))). The logarithmic differentials 

dlog'^ : K2{X) H°{X, i/„(2)) 

satisfy the obvious compatibility hence they induce a map 

dlog^ : if2(3e) ^i?^(X,Z(2)). 

Let denote the function field of X. Let V denote the set of prime divisors of 
X and for every P e P let fp denote the function field of the irreducible curve P. 
The localization sequence for ii'-theory furnishes an exact sequence: 

> H°{X,K2,x) > K2{T{X)) ®p^v^*p 

where the second map is the direct sum of tame symbols along the irreducible com- 
ponents. Every element k e H^{X, K2,x) of the kernel of dlog'^ lies in M(J^(X)) = 
DnenP"' K2{^{X)) by the Bloch-Kato-Gabbcr theorem. Since K2{T{X)) has no p- 
torsion by Theorem 1.10 of [23] on page 10, the group M(jr(X)) is the maximal 
p-divisible subgroup of K2{T{X)). If the element I is in M(jr(X)) fl H°{X, K2,x) 
and k e M{J^{X)) is its unique p"-th root then T{k) is p"-torsion by the localiza- 
tion sequence. But the groups fp has no non-zero p-torsion so k lies in the image 
of ff°(X, K2,x)- Therefore we get that M(JP(X)) n iJ°(X, K2,x), the kernel of the 
map dlog"^ in H"{X, K2^x), is p-divisible. Hence it will be sufficient to show that 
the group iJ^(X, Z(2)) is torsion. This is proved in [15] (the claim itself can be 
found on page 335) although the proof is somewhat dispersed over the article. It 
is an immediate consequence of Proposition 5.4 of the paper cited above on page 
330-331, the validity of Weil's conjectures for crystalline cohomology (Remark 5.5 
of [15] on page 331), and the exact sequence on page 335 of the same paper. □ 

Notation 6.6. Let ^ e C be a local Artinian k-algebra and let tt : — > Spec(A) 

be the projective line over A. Let be a finite set of sections s : Spec(A) V\ 
and for every s G 5* let sq denote the k-valued point sq : Spec(k) — » Pj^. we get 
from s via base change. Assume that sq is different from to for every pair s, 
t € S of different sections. For every s E S choose an ^-algebra isomorphism (j)s 
between the completion O^^^pi^ of the stalk O^^^fi^ of the structure sheaf of P^ at 
So and A[[t]]. The latter induces an isomorphism between the localization Cg of 
^sar\ by the semigroup of those elements whose image under the canonical map 
^so.p\ ^ ^so.Pl is non-zero, where Oggpi^ is the completion of the stalk Og^ji^, and 
A{{t)), which will be denoted by as well. The image of s is a locally principal 
closed subscheme of codimension one in for every element s of S. Let S also 
denote Cartier divisor which is the sum of these divisors by slight abuse of notation. 
For every s G iS let ResJ denote the composition of the map: 

Tjk . o-O/Trel c nk \ , ok ^''i'Ps)^ 

J^s ■ y'^A - iipi^-sJ "£s -4((t))' 

where the first arrow is induced by the tautological map — S' — !■ Spec(£s), and 
the residue Res'' : ^^^((t)) ^ ^a^^- By claim (iv) of Proposition 5.2 the map: 

is independent of the choice of 0s. Recall that there is a canonical inclusion 
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Proposition 6.7. The sequence: 

is exact where n* is the pull-back with respect to the map tt : ^ Spec(j4). 
Proof. By base change we may assume that k is algebraically closed, which implies 

t"A[[t]] 



that it is infinite. Let i? 3 S* be any finite set. Note that for every a; S 
have a; € ^^^rrtii if and only if Res^(w) = 0. Therefore 



F°(P^,n^i^(5)) = {w e fl'°(P^,n2i^(i?))|Res^(a;) = (Vs G i?- 5)}. 

Hence it is sufficient to prove the proposition above for R instead of 5. In partic- 
ular we may assume that the point at infinity oo G Pji lies in S after a suitable 
automorphism of the A-scheme Pj^. Let x be the coordinate function of the afJine 
line = P^j — oo. For every oo ^ s G 5 let the same letter denote the unique 
element of A such that the image of the section s is the zero scheme of or — s G A\x\. 
Every w G — S, Opi _g) can be written uniquely in the form: 

n{s) n(oo) 

seS-ook=i^ ' j=o 

where coq G ^{3), n(oo) G N and Ws,k, <^oo,j S For every 00 7^ s G S we 
may assume that x — s maps to t with respect to ^g- Then it is obvious that 

H^Avx^dx), Hl{r^{x - T)--dx) G 

for every 77 £ fi^, n G N and s ^ r £ S ~ 00. Therefore wc have = for every 
k > 1 when ui G if*'(P^,f2pi {S)). We may assume also that x^^ maps to i with 
respect to ■ In this case it is obvious that 

X — s t 

for some rjs G ^^[[tj] fo'^ every s G 5 — 00 but 

H%^{ljJoo,jX^ dx) = —LJoo,jt~^~'^dt 

for every j = 0, 1, . . . , n(oo) so we must have: 



CO = u)o + — ^^dx. 
^ X — s 

sEo — 00 



By the above Rcs^((jj) = ujs,! for every s G S — 00 and Res^(a;) = — 
so the claim is now obvious. □ 
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Notation 6.8. No wc arc going to consider tlic same situation that we looked at 
in the introduction. Let B he a, smooth irreducible projective curve over k and let 
TT : X — > B be a regular irreducible projective surface fibred over B such that the 
fiber Xoo of X over the closed point cxd of -B is totally degenerate. Then the base 
change X of X to the completion F of the function field of B with respect to the 
valuation corresponding to oo is a Mumford curve over F. Let il C X be an open 
subvariety such that its complement is a normal crossings divisor D which is the 
preimage of a finite set of closed points of B containing oo. The base change of X 
to the valuation ring of F is a semi-stable model of X whose fiber is Xoo hence the 
rigid analytic regulator {•} introduced in Definition 5.12 of [17] supplies a diagram: 

if2.il) > Hl,{X,Z{2)) HiT{Xoo),F*), 

where the first homomorphism is induced by functoriality. This composition will 

be denoted by the symbol {•} as well. 

Deflnition 6.9. For every oj G iJ°(X, il^(D)) we are going to define a function 

Res(a;) : £{r{Xoo)) as follows. Fix an edge e G £{T{Xoo)) and let s G ^(Xoo) 

denote the image of e under the normalization map. Let C be the irreducible com- 
ponent of Xoo which corresponds to the original vertex of e under the identification 
of Notation 1.2. Let Os,x denote the completion of the stalk Os,x of the structure 
sheaf of X at ,s and let f, G Os,x bo an clement whose zero schcmic; is the germ of the 
curve C. Because t generates a prime ideal in Os,x the latter gives rise to a discrete 
valuation on the quotient field Me of Os,x- Let Me denote the completion of Me 
with respect to this valuation and let ig : Spec(Me) — > X denote the tautological 
map. Note that the closure of the image of the stalk Oqc.b of the structure sheaf of 
i? at oo in O^^x with respect to the map induced by tt : X — > i? in Os.x is isomor- 
phic canonically to the valuation ring O of F. Hence Me is canonically equipped 
with the structure of an i^-algebra. Let </> : Me ^ M be the unique valuation- 
preserving i^-algcbra homomorphism such that (j){t) = x where we continue to use 
the notation of the previous chapter. Note that g2(f^('/>)(je('^))) ^ where 
qk : is the quotient map. Hence the value: 

Res(a;)(e) = Y{iefi2{q2{^{4>){il{uj)))) e % 

is well-defined and it is independent of the choice of the element t by Remark 5.7. 

For every oriented graph G and commutative group R let J^{G, R) denote the 
group of functions / : £{G) R. 

Theorem 6.10. We have I{jes{dlog'^ {k)) G W(r(Xo), O^r) for every ke K2,u) 
and the diagram: 

H°{il,K2,u) H{T{Xoo),F*) 



dlog 



dlog 



H°{x,n%{D)) j^{T{x^),n'p) 



is commutative. 
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Proof. Wc are going to show that dlog{{k}{e)) = Res{dlog'^{k)){e) for every edge 
e e £{T{Xoo))- Then the theorem will follow immediately because {k} is a har- 
monic cochain. The identity above follows immediately from Theorem 5.8 and the 
following alternate description of the rigid analytic regulator. The pull-back of k 
with respect to ig is an element il{k) € K2{Mf.). Let 0, : K2{Me) K2{M) be 
the homomorphism induced by </>. Then we have {fc}(e) = {(t>*{i*e{k))}D- D 

Proposition 6.11. Let k be an element of H°{il,K2,ix) such that Res{dlog'^ (k)) = 
0. Then dlog'^{k) = 0, too. 

Proof. Let G F be a uniformizcr. The closed subscheme of B defined by the 
n-th power of the defining sheaf of ideals of the closed subscheme cx3 is isomorphic 
canonically to Spec(0„) where On = 0/x"0 as in chapter 5. Let i„ : Spcc(C'„) — > 
B be the closed immersion corresponding to this isomorphism. For every irreducible 
component C £ V(r(Xoc)) let Cn denote the closed subscheme of X defined by the n- 
th power of the defining sheaf of ideals of the closed subscheme C. Let c„ : C„ ^ X 
be the closed immersion. Then there is a unique morphism p„ : C„ ^ Spec(C'„) 
such that Cn o TT = pn o in. As an 0„-scheme C„ is isomorphic to the projective 
line over Spcc(C'„). Let S denote the Cartier divisor on C„ which is the pull-back 
of the divisor on X that is the sum of those irreducible components of Xoc which 
are intersecting C with respect to the map c„ and are different from C. Then S is 
the sum of images of sections of the map p„. Let Co be the divisor of the element 
X G On C H°{Cn,OcJ- Multiplication by x induces a map 0(5* + Co) 0{S). 
By our assumptions the residues of xCnidlog"^ (k)) S i?°(C„, f2^^(S')) introduced in 
Definition 6.6 are all zero. Hence xd^ldlog"^ {k)) S ^"o^ by Proposition 6.7. But 
= hence we get that the formal completion of dlog^{k) along the closed 
scheme Xqo must be zero. The claim is now clear. □ 

Assume now that k is a field of characteristic p. 

Corollary 6.12. The map: 

{■} : H°{!d,K2,ix)/p"H°{ii,K2,ix) - H°{T{X^),F* /{F*r") 

induced by the regulator {■} is injective for every natural number n. 

Proof. We are going to prove the claim by induction on n. Let J^{ii) denote the 

function field of 11. Assume first that n = 1 and let k G ^2,u) be an element 

such that {k} e n{T{Xoo), {F*)p). By Theorem 6.10 we have: 

Res{dlog'^{k)) = dlog o {k} = 0, 

hence dlog'^ik) = by Proposition 6.11. Therefore k ^ pi for some / G _ft'2(J^(il)) 
by the Bloch-Gabbcr-Kato theorem. Let V denote the set of prime divisors of it 
and for every P G "P let fp denote the function field of the irreducible curve P. The 
localization sequence for JT-theory furnishes an exact sequence: 

> H°iii,K2,u) > K2{Tm > epepfp 

where the second map is the direct sum of tame symbols along the irreducible 
components. The image of I with respect to the second map is p-torsion. But the 
groups fp has no non-zero p-torsion so I is the image of an element of H^{fd, K2,ix). 
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Assume now that claim is proved for n — 1 and let k € H'^iii, -?^2,jj.) be an element 
such that {k} S Ti.{T{Xoo), {F*)p"). By the induction hypothesis there is an element 
I G H'^{H, K2,u) such that k = p'"~^l. Because the group F* has no p-torsion we 
have {1} e H(r(Xoo),(-F*)P) therefore I € pH°{H,K2,u) by the above. Hence 
k € -^^2.11) as we wished to prove. □ 

Assume now that k is a finite field of characteristic p. 

Theorem 6.13. The following holds: 

(i) the quotient group H'^ {ii, K2,u) / K2,x) is a finitely generated abelian 

group whose rank is at most as large as the rank of the group H{T{D),Z). 
(ii) the kernel Kcr({-}) of the regulator {■} : H°{H,K2,u) H(r(Xoo),F*) has 

a subgroup of finite index which lies in H'^{X,K2,x), 
{in) the fcerne/ Ker({-}) above is p- divisible. It is torsion if Par shin's conjecture 

holds, and it is finite if the Bass conjecture holds, 
(iv) the image lm({-}) of the regulator {■} : H'^{!d, K2.U) ~* 'H(T{Xcc), F*) is 

p-saturated, 

(v) the rank o/lm({-}) is at most as large as the rank of the group 7i{T(D),Z), 

(vi) the image Im({-}) is discrete if D = Xoo- 

Proof. Let us recall that S{D), V{T{D)) denote the set of singular points and 
the set of irreducible components of the curve D, respectively. The localization 
sequence for i^-theory induces a complex: 

H^{X,K2,x) . H%ii,K2,u) ®cevinD))H'{C-S{D),0*c) 

* ®eeS(D) 

which is exact at the term H^(iX,K2,ix), where the second map is the direct sum 
of tame symbols along the irreducible components and the third map is the sum of 
the maps which for every C G V(r(r')) assigns every clement of H^{C — S{D), 0^) 
to its divisor considered as a zero cycle supported on S{D). The kernel of the latter 
is a finitely generated abelian group of rank H{r{D),Z) hence claim {i) is clear. 
By Corollary 6.9 the kernel Ker({-}) of the map: 

{■} : H''{ii,K2,ii) ^n{T{X^),F*) 

is p-divisible. Therefore its image with respect to the map T above is finite be- 
cause the maximal p-divisiblc subgroup of a finitely generated abelian group is 
finite. Hence the kernel of T in Ker({-}) is a subgroup of finite index which lie in 
H^{X, K2,x)- Therefore claim (ii) holds. 

According to Parshin's conjecture the group H'^{X, K2,x) should be torsion. 
Then the same is true for Ker({-}) n H°{X,K2,x) and therefore Ker({-}) is tor- 
sion as well by claim {ii). The Bass conjecture states that H"{X, K2,x) should 
be a finitely generated abelian group. Hence the same is true for its subgroup 
Ker({-}) n -ff°(X, K2,x)- Note that this group is also p-divisible: every element of 
Ker({-}) n H°{X,K2.x) has a p-th root in Ker({-}) C H"{ii,K2,u)- On the other 
hand if p.T e H"{X, K2^x) for some x e X2,u) then x e H°{X, K2^x) using the 

localization sequence the same way we did in the proof of Corollary 6.12 already. 
Hence Ker({-}) n H^{X, K2,x) is a finite group whose order is not divisible by p so 
Ker({-}) is finite as well by claim {ii). Claim {Hi) is now proved. 
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Because the maximal p-divisible subgroup of H(r(Xoo), F*) is finite the image of 
H^{X, K2^x) with respect to the rigid analytic regulator is torsion by Proposition 
6.5. But the torsion of H{T{Xco), F*) is finite so lm({-}) is finitely generated and 
claim (v) is true by claim {i). On the other hand note that a finitely generated 
subgroup A C HiTlXoo), F*) is p-saturated if and only if 

p"A = Anp"H(r(Xoo),F*) 

for every n E N. The latter holds for Im({-}) by Corollary 6.12 so claim (iv) is 
true. Let Reg : H^{ii, K2.ix) W(r(Xoo),Z) denote the tame regulator which is 
defined as follows. For every k G H°{ii, K2.u) and for every edge e £ 8{r{Xoo)) 
we define Reg(fc)(e) as the valuation of the tame symbol of k along the irreducible 
component o(e) of Xoo with respect to the valuation corresponding to the closed 
point which is the image of e with respect to the normalization map. By Theorem 
5.6 of [17] the diagram: 

i/"(ii,if2,u) w(r(Xoo),F*) 
7^(^(Xoo),z) H(r(Xoo),z) 

commutes where v is the map induced by the normalized valuation on F. If D = Xoo 
then the kernel of Reg contains H'^{X, K2^x) as a subgroup of finite index according 
to the complex we wrote down above. Since H^{X, K2.x) is p-divisible its image 
with respect to the regulator {•} is finite. Hence the kernel of the map v in Im({-}) 
is finite, too. Therefore Im({-}) must be discrete as claim (vi) says. □ 
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